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Underthe sectionon SYMBOLS(psge2), tbe symbol a shouldhawe
an alternatedefinitionaddedas follows:

slopeof curveof sectionlift coefficientagainstsectionangle
of attack,per radian

This definitionappliesto the symbol a appearingin the denominator
of equations(lOa),(lOb),and (XL). (Seepages9 and10.)
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EQWWIONS AND PROCXWRES FQR MUMERICAIJXcvumA!rm THE

AERODYNAMICCHARACTERISTICSOF IXO?!I!INGROTORS

By AlfredGeBsow

SmMAm

Equationsandproceduresarepresentedfor carryingout the numerical
operationsinvolvedin computingthe aer@msmic characteristicsof lifting
rotorsby means of mdern high-speedautomaticcomputers.The character-
isticsconsideredhereinincludethe thrust,profiledrag,totalpower,
flapping,rollingandpitchingmoments,directionof the resultant-force
vector,and the hsmonic contributionof tie shear-forceinputto the
hub. The equationsare generaland can accountfor stalland compressi-
bilityeffects,hingeoffset,and otherfactorsthat are normallyomitted
from conventionalanalyticalrotortreatments.

13il!RoDucmN

The problemof determiningthe aerodynamiccharacteristicsof a
liftingrotorbesicallyconsistsof calculatingthe forcesandmaments
on a rotatingthree—dimensionalliftingsurfacefrom staticallymeasured
two-dimensionalairfoil-sec!tiondata. Becauseof the largenumberof \
degreesof freedominvolvedand the complicationsintroducalby the vari- ,
ationin sectionsnglesof attackendvelocitiesoverthe rotordisk,an
analyticalapproachto the problemnecessarilycontainsvariousassumptions
end simplifications.The largestnmiberof suchsimplifyingassumptions
is foundin the originaleffortsof Glauertaud tick,publishedalmost
30 yesxs sgo. Sincethat time,the theoryhas been progressivelyimproved
in accuracyand conveni-ce of applicationby a nmnberof investigators,
and has been extendedto meet the needsof new designsandmore severe
flightconditions.

Theseextensionsand improvementsin accuracy,hawever,havebeen
realizedat the expenseof a very largeincreasein the lengthand com-
plexityof the resultingequationswhen closed-formsolutionsare desired.
(Seeref. 1, for exmnple.) h orderto make the supplicationof these
eqpti.onspractical,it is usuallynecessaryto evaluatethe equations
over a rangeof flightparametersand to presentthe resultsin chart
form. (Foraaqple, see refs.2 to 4.) Such solutions,in spiteof their
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2 NAcA TN 3747

cmplexi~, stilldo not accountforblade stalloutsideof the reversed-
●,

veloci~ region,compressibili~effects,smd ccdlxtnationsof suchdesign
factorsas hingeoffset,bladetwistand taper,snd root cutout.

lhsteadof @ing to includesuchfactorsin the alreadycomplicated
equationsby firstintegratingthe generaleqyationsand then substituting ,
particularvalues,it would seemmore practicalto accountfor thesefac-
tors numerical@ that is,by substitutingnumericalvaluesintothe dif-
ferentialrotoregpationsand integratingnumerically.Thisprocedureis
made practicableonlyby the developmentin the lastfew yearsof high-
speedautomaticcomputingmachines,inasmuchas the numericalwork involved
in evaluatinga largenumberof casesby manualcalculatingmethodsis
prohibitive.The sxail&ibi13.tyof such computingmachinesto industryas
well aa to researchinstitutions,thruughownershipor rental,makes the
numericalproceduresappropriatefor desiguas well es for resesrch
studies.

It is the purposeof thispaperto presentthe eqyationsand proce-
duresnecessaryfor numericallycomputingthe aerodynamiccharacteristics
of Mfting rotors. The characteristicsconsider~ hereinincludethe
thrust,profile-dregpower,totalpower,flapping,rol.kingandpitching
moments,Mrectim of the resulhrnt-forcevector(necessaryin stability “
calculations), and the harmoniccontributimof eachblade of the rotor
to the sheareforce inputto the hub.

SYMBOIS

J@l coefficientsof -Cos* and -sin*, respectively,in ~res -
sionfor e; therefore,lateraland longitudinalcyclicpitch,
respectively,deg

a speedof sound,ft~sec

a’ projectionof anglebetweenrotorresultant-forcevectorand
shaftaxk in plane containingflightpath and shaftaxis, 1

%tan-l—
CT

43

%

B

constantterm in Fourierseriesthat qresses p, radians;
hence,rotorconinge@e

coefficientof cos n$ in expremion for p

tip-lossfactor;blade elementsoutbosrdof radius RR are
assumedto &e profiledragbut no ldft

i.
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Cn
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CQ
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cT(@

%
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c

nuniberof bladesper rotor

projectionof anglebetweenrotorresultant-forcevectorsnd
shaftaxis in planeperpendicularto plsne containingflight

path and shaftaxis, t=-l q
CT

coefficientof sin n~ in expressionfor ~

I
constentterm in Fourierseriesthat eXPres~eS~ Ih~2

rotorlongitudinal-forcecoefficient, H

xR2P(m)2

L’rolling-momentcoefficient,
arR2P(QR)%

t coefficient,pitching+llamen M

a’cR2p(m)?R

Icoefficientof cos n$ in qression for ~ IhQ2

rotor-shaftpower coefficient, P

YCR2P(S2R)3

rotor-shafttorqyecoefficient, Q

*2p($@R

rotorthrustcoefficient, T

Y’cR2p(m)2

CT value at a given~~fiposition ~> ~ressed ~ series

CT(V)=~+EICOS$+FISin$ +E2cos~+F2sin~+

~COS3W+F3sin3~ -

sheer-forcecoefficient“atflappinghingedue to mass forces,
Fm

iR2p(m)2

rotorlateral-force

blade-sectionchord

coefficient, Y

m2p(m)2

at radialstationx, ft
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4 m m 3747

cdjo sectionprofile-dragcoefficient

Ce equivalentblade chord (on

Cet

cl .

%

%

‘o

%

e

Fm

Fn

g

H

Ih

k==
W, s

L1 .

equivalentblade chofi(on

drc
thrustbasis), ~ , ft

[+ ar

thrust—?nomm t

rmcrhr
‘rc

basis),

r

,ft

r3 *
rc

sectionlift coefficient

blade chordat tip, ft

I
coefficientof sin n~ in expressionfor ~ IhQ2

constantterm in seriesexpressionfor ~($); ~ =

coefficiat of cos n* in expressionfor CT(V)

offsetof centerllneof flappinghingefrom center
rotorshaft,ft

%!

lineof

sheerfarceat flappinghinge (perpendicularto blade-span
axis) due to mm% forces,Xb

coefficientof sin ny in expressionfor CT(V)

gravitational.acceleration,ft/sec2

cmponent of rotorresultantforceperpendicularto rotorshaft
in longitudinalplane of symmetry,W

massmomentof inertiaof blsde aboutflsppinghinge,

r m(r - e)2 dr, slug-ft2
e

rotorrollingmoment,lh-ft

.-
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MT
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P

Q

r

T

u

v

v

x

Y

a

rotorpitching

mass nmmentof

moment, m-f-t

blade aboutcenterlineof rotorshaft,slu$-ft

thrust mcment of blade aboutflappinghinge,Ib-ft

weightmcmentof blade aboutflappinghinge,

J

R
mg(r - e)dr,$b-ft

e

Mach nwnberof blade section, uQR/a

mpss of%lade per foot of radius,slugs/ft

mass of blade,slugs

shaftpuwer,ft-1.b/sec

helicopterrollingveloci~, radisns/sec

shafttorque,lb-ft

helicopterpitchingveloci~, r-adisns/sec

blade tip radiusmeasuredficnncenterof rotation,f%

distancemeasuredalongblade from sxisof rotationto blade
element,ft

compmmnt of rotorresultantforceactingalongrotorshsft,lh

nondimensionalresultantvelociw perpendicularto blsde-span
sxis at blade element

ccmponentat blade element

componentat blade element
axis and to shaftaxis

of u parallelto shaftaxis

of u perpendicularto blade-spsn

true airspeedof helicopteralo~ flightpath,ft/BeC

inducedinflowvelocityat rotor,ft/sec

ratioof blsde-el.ementradiusto rotor-blsderadius, r/R

lateralcomponentof rotorresultantforceperpendicularto
both Tsnd H,lh

anglebetweenshaftsxis sndplaneperpendicularto flight
path,positivewhen axisis pointingrearward,deg

------- .—. ——.. —..——— —. ~. —— ...- — .-. . ————-—- -
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%

P

Y’

7‘x

blade-element
deg

MAC!ATN3747

angleof attack,measuredfrom lineof zero lift, “

blade flappinganglewith respectto shaftat a pa%icular
J>

azhrth position, ~ - al cos $ - bl sti $ - ~ cos ~ . . .,

radi1333s

Pce‘+mass constantof blede, —
Ih

Pdlocalv&he of blademass constant, ~

collective-pitchangleat bladeroot,averagevalueof instanta-
neousblade-rootpitchanglesroundazimuth,deg

clifferencebetweenblede-rootandblade-tippitch angles,posi- -
tivewhen tip angleis larger,deg

..
blade-sectionpitch angleat 0.75 radius,deg

instantaneousblade-sectionpitch angle:amle betweenlineof
zero lift of blade section-endpl&e &rp&dicular
shaft, e. + elx - Al COS ~ - B1 sin *, deg

inflowratio, v ‘ti~a- v

v Cos atip-speedratio, ~

IUSSS densityof

rotorsolidi~,

localsolidity,

inflowangleat

air, slugs/cuft

bce/ti

bc/iR

blade elementin plane

span SxiS, tan-lz, dbg
%

perpendicular

to rotor

to blade- P

.
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$ blsde azimuthanglemeasuredfkomdownwindpositionin direction
of rotation,deg

0 rotorregularveloci~, radians/see

Subscripts:

c radiusof cutout;that is, radiusat which liftingsurfaceof
bladebegins

a accelerating

d &ecelerating .

0 profile

i induced

2

METHODOF ANAIXSIH

The processof numericallydeterminingthe aerodynamiccharacter-
isticsof a rotoroperatingat a particularflightconditionconsistsof
calculatingthe individualforce (andmoment,if desiral)contributions
of a specificnumb&rof blade sectionsat variouspointson the rotor
disk,averagingthe valuesaroundthe disk at a particularradialstation,
and thenradiallyintegratingtheseaveragesalongthe bladeto obtain
the result. The equationsrequiredto evaluatethe forcecontribution
of a blade sectionml the procedurefor utilizingthe equationsare
writtenspecificallyfor a hinged(i.e., free-to-cone)rotor,but csnbe
appliedwithbut Uttle modificationto seesawrotors. Themodification
of the equationsto the sees’=-rotorconfigurationis discussedin refer-
ence5.

Reference-Axis E&stem

h the analysisdevelopedherein,the flq?pinghingew be offset
radiallyfrom the centerlineof the shaft. For such a configuration,
flappingand featheringmotionsare not directlyequivalentend it is
thereforemost convenientto referenceall 6nglesandvelocitiesto a
sxiscoincidingwith the centerlineof the rotorshaft. The rotorshaft
is thereforeused as the referenceaxis.in thispqperinsteadof the no-
featheringaxiswhichwas used in references1 to 4.

.
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Equations
.

Most of the equationslistedin this sectionarebased on, or cenbe ,
readilyderivedfra, standardblade-elementequations. (Seerefs.1
and 6, for example.) Becausethe equationsare set up for numericalinte-
gration,most of the aerodymmicrestrictionsthat are normallyemployed
h rotoranalysesare avoided. Thus,the equationscanbe used for blades
of eny airfoilsection,mess distribution,twist,plan-formtaper,root
cutout,and f~ing-hinge offsetend can accountfor the effectsof heli-
copterpitchingend rollingvelocities.-@-~e configurations
whereinbledefleppingend laggingmotionsresultin pitch-anglechanges
cenbe stmplyconsideredby the sdditionof the appropriatetermsh the
equationfor sectionangleof atta& presentedin this section. Stall
and compredsibili~effectscanbe accou&ed for to the extentof using
actualairfoildatathat correspondto the rangeof angleof attackend
Mach numberencounteredat allpointsof the disk,includingthe reversed-
vel.ocityregion. Althoughno small-anglelimitationshevebeenmade
regardhg the sectioninfluwenglesor the treatmentof the megnitudeof
the resultantvelocitiesahd the directionof the resultant-forcevectors
at the blade sections,the analysisdoes incorporatesmall-angleassuq-

. tionsin regsxdsto the bledeflq@ng angles. JilSdaiticnl,it is assumed
that the rotorbladessre rigidin b- and torsionend thatradial-
fl.uw effectscanbe neglected. The equationscsn alsobe appliedto any
lmmwnor easumd redial or azimuthvariationof inducedvelocity.

hput .~tities. - The inputpermnetersf~ the flightcondition
are A, 9.75>~ V= Thesepsmmeters may be eitherassumeddirectly

es independentverieblesor estimatedfrom knuwnparsmetkrs(suchs5
thrustend shaftpower)by means of pub~shed rotor-performancecharts
(suchas thoseof refs.2 end 3). In edditionto the fU.ghtparameters,
the follmclngdesignand operatingvariablesare assumedto be known:
e1> Al, Bl, c(x), Ih, e, ~, G, b, R, p, p, ~ and m(x), as

well as two—dimensionalblede-sectionairfoildata.

Equationsfor the calculationof sectionvelocities,anglesof attack,
andMach nmiber.- Eqpationsthat are necesssryfor the calculationof sec-
tionvelocities,englesof attack,andMach mmiberwe listedas follows:

lq=x+psiny (1)

(2) -

—— ..— ..— — ———— . . - _..
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Equationsfor the calculationof flappingcoefficients.- The flapping
coefficientsmsy be calcul.atdfran the follawingrelations:

MT

[J

B

J’

1.0
—2=$ y’xuqx - g)cz Cos @ ax + 7’XU2(X-

1

E)cd,o sin @ d-x
Ihfi xc xc

(7)
.

%—= Co+ Clcos~+D1sin$ +C2cos~+ D2sin~+C3cos 3v+
Ih~2

D3 sin 3* (8)

()C03!L-L
a. = 2 .1+7IhG

(9)

%.=
% + [’I(%+%) - 2 -~(1-J-w)]

+ (P> o (Ire)
~ 7’a

. \

.-. —..— .. —-—_. -—. — ——. _____ ._. _ __.. .- ----
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C2
a2=3. q

D2 -

b2 = 5-T

(12)

(13)

(15)

Eqgationsfor the calculationof performanceparameters.-The per-
fonuanceparametersw be determinedfrom the followingequations:

where 9 refersto the
@

stations.
(
For example,

summationof .~ ~ues

(ti)

(17)

(18)

(19)

computedat n @muth

if
= 00, 360°, 2(3~0),

)
—e .OO

n n

.

.,

.

/
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Also

CT = CT,2+ CT,O

CQ= cQ,a - CQ,a

WP90 = ~ Uxll%a,o
dx

U.

(20)

(21)

(22)

(23)

d%

dx (27)

(24)

(23)

(26)

Equationsfor the calculationof rotorforcesandmoments.- The fol-
lowingequationsmsy be used to calculatecertainrotorforceandmaent
coefficientsthatmsy be usefulin tibrationand stabili~ analyses:

d& =$ux Uzcz(-sin@ Sinl$- cos @ sin J3cos *)dx (28)

(3”)
.

.

-. -. ...-. .. ___ ___ .__. ..— -——-— -—— —. ~-.. -—. —.— —— .. .-----



——-. .—— —-..— — .-

12

%,0 =fl”O+g ‘2’0-
xc-

lWA TN 3747

“

(30

% = %>i + %,0 (32)

*-cos@sinpsiJl$)ax (33)

dcy,“ = * cfxu2%, “(-COS@ Cos + - Sh.1@ sin p sin *)ax

%,i ‘j”
“xc

% = %,i + C’y,o

af = %tan-l—
CT

(*)

(35)

(36) .

(37) “

(38)

(39)

After ~(~] is evaluatedat differentazimuthstations,a harmonic

analysiswould express %(* ) = a functionof * as follows:

c@f)=~+Elc”s*+F@n *+E2c0s*+F2sti*+

E5 cos 3* + F3 sin 3W (41)

.

. . ___—. - ...— ——.-— ...— .. — .—. -.
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Then

13

.

.

#

(43)

Equations(42) snd (43) represent aerodynamic rolhw * Pittiw
moments. Bladeswith offsetflqping hingesalsoproducehubnuuaents
due to centrifugalforcesas givenby the followingequations:

(44)

(45)

The oscillatingshearforceat the flappinghinge (perpendicularto
t“heblsde-spanaxis)is composedof thrustandmass forces. The thm@t-
forcecontribution,expressedinharmonic form,is givenby egpatton(41).
The nondimensionalmass-forcecontribution,made up of centrifugaland
inertiaforces,is representedby

a3cos 3~-b3sin3~) +(1- k)~lcos V+ blsiny+

ka2 cos ~ + kb2 sin ~ + 9a3 cos 3W + 93 sin 3V)] (46)

~ch as equations(41] end (46) containno aerodynamicdsnrpingtie to
bendingor bendinginertiaterms,they applyonlyto inflexibleblades.

CalculationProcedure

The procedurefor calculatingrotorcharacteristicsis outllnedss
follows:

(1)For the giveninputqmntities, assumeor calculatean ~roxi-
mate set of flappingcoefficients.(The*s of ref.4 mqyb.eused to
calculatethese~roximate coefficientsif ~ ~ b3 we assumedto
be equalto zero.)

. . - . . . . . .-—-. .-— ..- — .—— ---— —— —-----—— ---- — —--— —— — —— --—
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(2)With the given
coefficients,calculate

NACA TN 3747

input qpsntitiesand the approximateflapping
sectionvelocitiesand anglesof attackby means

of equations-(l)to (5).
—

(3)Calculatesectionbchnumbers by means of equation(6).

(k) By using the calculatedanglesof attack
obtainthe correspondingvaluesof c? and Cd,o

dimensionalsectiondata.

(5) Cacfiate ~/Ih~2 by means of equation
analysisof the result,and eqmess the answerin

andllach nmibers,
from appropriatetwo-

(7)}* a hsmonic”

the form of equation(8).

(6) calculatenew vziLuesof flappingcoefficients~ means of eqw-
tions (9)to (15). (Theticrementalfirst-harmoniccoefficientsgivenby
eqs. (10)and (11)shouldbe addedas correctionfactorsto the output
valuesfromthe precaiingiteration.)

(Y)Repeatsteps(2)to (6)’untilthe outputvaluesof flapping
coefficientsdiffernegligiblyfromthe inputvalues.

(8) Compute B for eachvalue of V, ustogth~find. vatiesof
flappingcoefficients.

(9)With the use Of the Mft and.dreg coefficientsandvelocities
correspondingto the finalset of flappingcoefficients,calculatethe
perfmmszlce and stabild.iqrparametersby means of equations!(I-6)to (45).

It will be notedthat additional-performance,stdbildty,and loads
perimeterscanbe cal.culstdwith littleadditionaleffort,inasmuchas
the sectionvelocities,anglesof attack,and liftend drag coefficients
have alreadybeen computd.

DISCUSSION(IF?METEDD

Assuutptionsof Theory

Althoughthe numerical integrationprocedureeliminatesmsny of the
restrictiveassumptionssnd simplificationsof conventionalrotortheory,
a numberof assumptionsstillremain. The degreeto whichthesesuppo-
sitionscan affectthe validityof the resultsdependson the specific
applicationsof the method. Perhapsthemost importsntassumption,and
onewhich is inherentin all the theoreticalrotortreatmentsdeveloped
thus far, is the use of steady,two—dimensional!airfoil-sectioncharacter-
isticsin waluathg rotorforcesendmaalents. Althoughsuchan approach .,

———— .- ——— .—— -_ __—. .. —_____ ___ _.
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has been provensuccessfulin predictingrotorchsmcteristicsunder
normaloperatingconditions,a completeevaluationof its accuracyin
conditionsimulving largesmountsof stalland compressibilityeffects
must await@rther experimentalchecks. Limitedtheory-datacomparisons
thathavebeenmade thusfar for extremeoperatingconditions,however,
do showgood agreement. The applicationof suchtheoryto thesecondi-
tionsis thereforefeltto be the best stepwhich canbe takenfor pre-
limimry estimatesat the presenttime. As more experimentaldatabecome
available,comparisonwith thesepredictionswill sez-reto showwhether
or not empiricalor otherrevisedapproachesare necess~.

The assumptionof blade inflexibili~in bendingand torsionwould
normallybe unimportantexceptin aeroelasticproblems. Bendingflegi-
bilityshouldbe considered,for example,in the computationof coupled
blade-fuselagevibrations,whereastorsionflexibili~would enterinto
blade-fuselageclearsncecalculationsor in stabili& or stresscalcula-
tionswhereina largebl.ede-sectioncater-of-pressureshiftassociated
with operationat highMach nunibersoccurs. The neglectof radial-velocity
componentsalongtheblsdewouldprob~ly be significantonly at very high
tip-spe~ ratioswhereintheymight influencethe profile-dragpower and
the stallpatternof the rotor.

An important limitationinherentin the analysis,and onewhose
effectscanbe readilyevaluated,is the use of small-angleassumptions-
as appliedto the rotor-bladeflappingangle. The f@ping analysis
containingtheseassumptionsyieldserroneouseuswersif the smplitude
of the flappingangleis in the neighborhoodof l~” or above. For flight
conditionsinvolmtnglargera@lAtudes,the numericalmethodfor calcu-
latingblsde flappingpresentedin reference5, which containsno small-
anglelimitations,shouldbe used. (Thetwomethodsweld identical.
answersfor conditionswhereinthe flappinganglesarebelow approxi-
matelyl~”.) Themethodof reference5 can alsobe used for casesin
which a knowledgeof the transientblade-flappingbehaviorin maneuvers
is desired.

Applicationof Method

Asidefromthe assumptionsjqstdiscussed,the accuracyof the
answersobtainedfromthemethodof thispqer is dependentupon the
numberof radialand azimuthstationsaroundthe diskused in the inte-
gral force,moment,andpower equations.The problemis to determine
the pointof diminishingreturnsat whichfurtherticreasesin accuracy
obtstnedthroughthe use of a greaternumberof stationsare counter-
balancedby the additional.time and costregyiredto computethe extra

. stations. The answerto
the flightconditionfor
extentof the regionson

.

thisproblemis a %riabl.esmd is dependentupon
whichthe answeris to be calculated(i.e., the
the diskundergoingstall,compressibili@,and

. . . . . . .... . . --. —_. —.. — —. .— - —-— .- .—. . —— . -.— — — -. —--—- --— —



16 NACA TN 3747

revers~-veloci~ effects),the typeof answerto be calculated(for
example,thrustloadingfor bending-momentcalculations,stabili~ deriv-
atives,or bladeflapping},@ the type of automaticcomputingequipment
avail*le for the calculations.

For example,becausethe calculationof the flappingcoefficients,
which is necessarilyen iterativeprocedure,is quitelengthy,it is
~ortant to detemine the initialesldmateas closelyas possibleand
to reqyireno more accuracythan is necessaryfor the particularappli-
cation. Thus,for casesin whichthe determinationof the flappingcoef-
ficientsis not in itselfthe objectivebut is merelythe meansfor calcu-
latingsuchitemsaa rotorthrustor power,it is usuallysufficiently
accurateto ignorethe third,and perhapseventhe second,hamnonicsof
flapping,aud to keepthe numberof iterationsat a minimum. Such con-
siderationsbecomelessimportant,of course,when the calculationsare
csrriedout on a modern~gh-sped automaticcauputer. Conversely,if the
flappingmotionis desiredin its own right,the nuuiberof iterations
(andthe nudberof harmonics)canbe carriedout to any desiredaccuracy.

b orderto obtainan idea of the effectof the numberof stations
on the accuracyof the computations,rotorflappingcoefficients(called
part I solutions)snd thrust,power,and directionof the resultsnt-force “
vectors(calledpart II solutions)were evaluatedfor a ssmpleflight
conditionby usingclifferentnunibersof radialand azimuthstations.
Angle-of-attackandMach tier contourscorrespondingto the smple case “
areplottedin figure1 to illustratethe rate of changeof thesequan-
titieswith radiussnd azimuthangle. As canbe seenfromthe figure,
the fldghtcondittonchosenwas ratherextremeand involvedlargeamounts
of stalland compressibili~effectsat a tip-speedratioof 0.50 and a
tip speedequalto 750 feetper second. The resultsof the calculations
arepresentedin tableI.

The resultsshownin *ble I were obtainedat thiriqy-sti(~ = 10°),
eighteen(M = 200),and eight(~ = 45°) azimuthstations. In the radial
direction,valueswere computedat x = 0.15 - at x = 1.0,with seven

[
@ = 0.1063)snd three (Ax= 0.21.25)unifokmlyspacedstationsin between.
For thosequantities,such as thrustsnd inducedtorque,whichrequire
the integrationsto be carriedout to x = 0.97 insteadof x = 1.0,
valueswere alsocomputedat x = 0.97. The valueof the qusnti~ between
x = 0.97 ana x = 1.0,computedby the trapezoidalrule,was subtracted
fromthe totalvalueof the qpanti~ obtainedby integratingfrom x = 0.15
to x = 1.0.) With the exceptionnotedin the table,all the psrt II
solutionswere computedwith the ssmeset of flappingcoefficients(those
Corresponding*O Ax = o.2125, A# = 45°) in orderto isolatethe effect
of changesin the numberof stationson the results.

.

It canbe seenthat,evenfor the extremefMght conditionconsidered,
the differencesin flappinganglesresultingframthe use of a different

.

— — —.
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nuniberof stationsare small,beingof the orderof a few tenthsof a
degreefor”the coningangleand first harmonics,end even lessfor the
secondend thirdharmonics. (For thesecases,the nuiberof iterations
was suchthat the valueslistedin the tabledifferedfromthoseof the
precedingiterationby lessthan 0.06°for ~, al, end bl end less

than0.03°for q~ b2, and b3.)

TableI showsthat the part II solutionsare somewhatmore sensitive
to the nuniberof stationsused than are the flappingcoefficients,although
not undulyso. J$yusingthe resultsfor the casewherein & = 0.1063
and A~ = 10° as a base, it cm be seenthat approximatelydoriblingthe
intervalof radialand azimuthstattonsresultsin an errorof only 1 per-
centor lessin the thrustand pow= values. When ~ is increasedfrom
20° to 45°, the errorjumpsto the orderof 5 percent,which,in many cases
(suchas thoseinvolwingextensivestalland compressibili~effects),is
withinthe orderof accuracyend use of the airfoil-sectiondata. In cer-
tain calculations,however,such as comperatimstudies,the introduction
of a 5-percenterrormightbe undesir~le and couldbe avoidedby doub~ng
the numberof azimuthstations. Zn general,it appearsthat greater
accuracyis achievedwith a givenincreasein stationsby increasingthe
numberof azimuth,ratherthenradial,stations.

Jk orderto illustratethe effectof clifferencesin flappingcoeffi-
cientson the part II solutions,the casefor A = o.2w5 ti *s 450
was sepeated,but with the secondand thirdflappingcoefficientsassumed
equalto zero. As canbe seen in table1, thereis a slightincrease
(shout2 percent)in thrust,and lessthan one-halfof 1 percentdecrease
in power.

h sumnary,it appearsthat if accuracyis a prime consideration,
or if a very-high-speedcom@ter (suches en IEM type 704 electronicdata
processingmachineor a RemingtonRand UNIVAC)is available,then approx-
imatelyfive radialand eighteenazimuthstationsshouldbe used formost
part II solutions,whereasthe part I (flq@ng) solutionscanbe deter-
minedwith the mane accuracyby usingfive radialend only eightazimuth
stations. For sluwerspeedcomputers,such as the IBM Card-Programmed
ElectronicCalculator,five radialand eightazimuthstationscanbe used
for the part II solutionswith a considerablesavingin computingtime
at the eqense of a smallreductionin accuracy.

l?bra givenmmiberof stations,the possibili~ existsthatthe
accuracyof a set of calculationscanbe improvedby nonunif&m spacing
of the radialand azimuthstations. The possibilityis greatestin
regardsto the radialspacing,perti”culsrlywhen a smallnumberof sta-
tions,suchas five,is utilized. The effectivmessof a specificchoice
of the numberand spacingof radialstationsis alsodependenton the
mannerin whichthe radialintegrationsare carriedout. Simpson’srule
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calculationspresentedin tale I andwas found
the type of thrustandpower loadingcurves “ %

The technical proceduresinvolvedin settingup calcul@ionsof the
typepresentedin thispap= are describedin a mmiberof references
(seeref. 7, for exsmple)andwill not be discussedherein. It is con-
sideredworthwhileto point out,however,that approximately1.60hours
and 120hoursof programming(i.e.,problemsetup)time axe requiredfor
the part I sad II solutions,respectively.Thispart of the work is done
only once,of course,and need.not be repeatedfor eachnew set of input
variables. Approximately18,OOOto 20,000operationssre involvedin the
part I solutionsfor the 48-stationcasewhen compressiblesectiondata
are ticluded,and appro~tely an equalnumberfor the pert II solutions.
The correspondingtimerequiredto run off a pti I iterationor a pert 11
casefor eachnew set oj?variables-wouldvery from approximately100minutes
on an IBM CPC to approximately20 secondson an IBM @pe 704 calculator.
Themachinetime reqyiredper casevariesalmostdirectlywith the nuriber
of stationsused.

..

coIvcLuDm REMARKS
.

A numericalmethodsuitablefor applicationto automaticcomputing
machineshas been presentedfor calculatingthe aerodynamiccharacter-
isticsof rotorsfor fEght and designconditionsthat are outsidethe
rangeof conventionalanalyticalrotortheory. By meanB of the eqpations
presented,the effectsof suchitemsas stall,compressibility,flapping-
hingeoffset,blademass factor,twist,taper,end root cutouton such
rotorcharacteristicsas flapping,thrust,power,and hub mcments,as well
as on c=tain stabilttyderivatives,canbe investigated.

IangleyAeronauticalLaboratory,
NationalAdvisoryCommitteefor Aeronautics,

~4Y meld, Va., June 6, 1956.
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TABLE I.-lWl!M!I!OF NUMBER CW RADIAL AND AZIMJTK STATIOIW ON CAWUMED RCYIDR

CHARAC!CEUSTICS FOR A SAMPLE FIJGHT CONDIT~N

[
w = 0.50; h = -0.Ogl; eo = 15°; B1 = -8°; OR = ~0 ft/sec; ”y’ = 1.0; & = O; ~ = 0.I.5]

(a) Part I solutions

$; %) q, bl, a2,
&

b2, b3 J
deg (leg deg deg deg 2; deg

10 2.23 11.34 2.67 1.022 O.lw -0.001 0.186
0.1C63 20 2.22 11.32 1.017 .117 -.001 .184

45 2.14 “ 11.ti ::A; .938 .179 .O* .ti

10 2.I.8 10.91 2.63 1.021 .lzl .004 :l&
.2u5 20 2.I.8 10.96 2.65 1.017 .125 -.001

45 2.18 11.21 2.7!3i .959 .183 .058 .153

(b) Part II solutions

At

t

0.0685
0.1063 :

45 :&%!

10 .ti73
.0686

“2=5 & .0660
45 .0672

N2~/u,

percent

----

-i:;

-1.7
.1

-3.7
-1.7

%,./”,

0.2151
.2130
.2278

.2ti9

.2151

.2289

.2156

%,0/%
percent

.8
0
6.4
.3

O@

0.1761
.1785
.le42

.1745

.1775

.M60

.1765

M’+
percent

-.

.:
5.6
.2

X5.69
U.94
lk.40
llt.11

&k’>
&g

----

0.24

.64

-.06
.19
.65
.36

b’, Alit,
deg aeg

-t

-0.47 ----
-.32 0.15
-1.08 -.6L

-.52.-.07
-.36 -:%
-loti
.02 .49

u
aAllpart H solutions(exceptthe lastone)were calculatedwith fle@ng coefficients $

corresponding to 4X = 0.2125 and M = 450. T& lastsolutionwas calculatedwith same -1

values- of +j, al, end bl, ‘but with” +,- b2, ay and ?J3 assumed equal to zero.

# 1 , a ,
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Figurel.- Angleof attackand Mach numbercont~s for sampleflight
condition. p = 0.50;A = -0.091;eo = 15°; el = -8°;~ = fio ‘eet

per secoti;7’ = 100; ~ = 0; ‘C = 0-15”
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